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Abstract 

Given a potential of pair interaction and a value of activity, one can consider the 
Gibbs distribution in a finite domain A C Z'^. It is well known that for small values 
of activity there exist the infinite volume (A — > Z'^) limiting Gibbs distribution and 
the infinite volume correlation functions. In this paper we consider the converse 
problem - we show that given pi and P2{x), where pi is a constant and p2{x) is a 
function on Z'^, which are sufficiently small, there exist a pair potential and a value 
of activity, for which pi is the density and P2{x) is the pair correlation function. 
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1 Introduction 



Let us consider a translation invariant measure /i on the space of particle configurations 
on the lattice Z"^. For a given configuration each site can be occupied by one particle 
or be empty. An m-point correlation function pm{xi, is the probability of finding 

m different particles at positions xi,...,Xm G Z'^. The following natural question has 
been extensively discussed in physical and mathematical literature: given pi{xi) = 'p^ 
and p2 (3^1,3^2) = P2(^i ~ ^2), does there exist a measure p,, for which these are the first 
correlation function (density) and the pair correlation function, respectively? 

In the series of papers [3]-0 Lenard provided a set of relations on the functions pm 
which are necessary and sufficient for the existence of such a measure. However, given pi 
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and p2, it is not clear how to check if there are some p3,p4, ... for which these relations 



There are several recent papers which demonstrate the existence of particular types 
of point processes (measures on the space of particle configurations), which correspond 
to given pi and p2 under certain conditions on pi and p2- In particular, one dimen- 
sional point processes of renewal type are considered by Costin and Lebowitz in [2], while 
determinantal processes are considered by Soshnikov in [8]. In [1] Ambartzumian and 
Sukiasian prove the existence of a point process corresponding to a sufficiently small den- 
sity and correlation function. Recently Costin and Lebowitz suggested generalizations of 
their results. In [9] Stillinger and Torquato consider fields over a space with finitely many 
points. Besides, for the lattice model, they discuss possible existence of a pair potential 
for a given density and correlation function using cluster expansion without addressing 
the issue of convergence. 

In this paper we show that if pi and p2 are small (in a certain sense), there exists 
a measure on the space of configurations for which pi is the density and p2 is the pair 
correlation function. Moreover, this measure is the Gibbs measure corresponding to some 
pair potential and some value of activity. In a sense, this is the converse of the classical 
statement that a given potential of pair interaction and a sufficiently small value of activity 
determine a translation invariant Gibbs measure on the space of particle configurations 
m sequence of infinite volume correlation functions. 

2 Notations and Formulation of the Result 

We shall consider the following lattice system. Let $(x), x G Z'^ be a potential of pair 
interaction and let t/(xi, x„) = ^i<j<j<„$(a^i — Xj) be the total potential energy of 
the configuration (xi, x„). We assume that ^(x) = $(— x) > cq > — oo for all x and 
that $(0) = +00. The full list of assumptions on $(x) will be given below. 

Let A be a finite subset of Z*^. The grand canonical ensemble is defined by a measure 
on U^o^"' "whose restriction on A" is equal to 



The parameter z > is called the activity. The inverse temperature, which is the factor 
usually present in front of the function ?7, is set to be equal to one (or, equivalently, 
incorporated into the function U). The total mass of the measure is the grand partition 
function 



n=0 (a;i,...,x„)eA" 

The m-point correlation function is defined as the probability of finding m different par- 



hold. 





e 



2 



tides at positions xi, ...,Xm € A, 

"=o ' (j/i,---,yn)eA" 

The corresponding measure on the space of all configurations of particles on the set A 
(Gibbs measure) will be denoted by fi^. Given another set Aq C A, we can consider the 
measure fi^^ obtained as a restriction of the measure fi^ to the set of particle configurations 
on Aq. 

Given a potential of pair interaction we define g{x) = e"**-^-* — 1, x G Z''. We 

shall make the following standard assumptions: 

g{x) > -a> -1 for x ^ 0. (1) 
^(0) = -1; g{x) = g{-x) for all x; Y\g{x)\ < c < oo. (2) 

Clearly, any function g{x) which satisfies ([I])-® defines a potential of pair interaction via 

= -ln(5f(x) + 1) . 

It is well known ([7], [6]) that when A — Z'* in a suitable manner (for example, 
A = [—A;, A;]'^ and k oo) the following two limits exist for sufficiently small z: 

(a) There is a probability measure /i^'' on the space of all configurations on Z*^, such that 

/^Ao - l^Z as A ^ Z^ (3) 

for any finite set Aq C Z''. 

(b) All the correlation functions converge to the infinite volume correlation functions. 
Namely, 

p^{xi, ...,x„i) ^ Pm{xi, ...,Xm) as A ^ Z'^ . (4) 

The infinite volume correlation functions are the probabilities with respect to the measure 
p^ of finding m different particles at positions Xi, Xm G Z'^. To make these statements 
precise we formulate them lemma. 

Lemma 2.1. (Jljj, JE^) Assuming that (QP and ^ hold, there is a positive z = z{a,c), 
such that ^ and hold for all < z < z when A = [— A;, and k ^ oo. 

Thus, a pair potential defines a sequence of infinite volume correlation functions for 
sufficiently small values of activity. Note that Pmi^i, x^) = if = Xj for i ^ j, since 
two distinct particles can not occupy the same position. Also note that all the correlation 
functions are translation invariant, 

Pm (-^l ) ■ • ■ ) •^m) Pm (0, X2 Xi, . . . , X^n 2^1 ) ■ 
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Thus, pi is a constant, p2 can be considered as a function of one variable, etc. Let be 
the function of m — 1 variables, such that 

The main result of this paper is the following theorem. 

Theorem 2.2. Let <r <1 he a constant. Given any sufficiently small constant J)i and 
any function P2{x), such that ^2(0) = ^'^^ J2x=^o IP2(^) ~Pi\ ^ ''^Pi, there are a potential 
^{x), which satisfies and a value of activity z, such thafp^ and'p2{x) are the first 

and the second correlation functions respectively for the system defined by {z, $) . 

Remark 1. Let ^{x) be a random field with values and 1 (which is the same as a 
measure on the space of particle configurations), and let p^^ and 'P2{x) be its first two 
correlation functions. Then 

The positive definiteness of this function, which is necessary for the existence of the field 
^{x) with the given and 'P2{x), is clearly guaranteed by the conditions of the theorem 
if 'pi is sufficiently small. 

Remark 2. As will seen from the proof of the theorem, the pair potential and the activity 
corresponding to given p^ and P2{x) are unique, if we restrict consideration to sufficiently 
small values of $ and z. The method of the proof allows one to explore the properties of 
the pair potential based on the properties of the correlation function. 

The outline of the proof is the following. In Sections [3] and HI assuming that a pair 
potential and a value of the activity exist, we express the correlation functions (or, rather, 
the cluster functions, which are closely related to the correlation functions) in terms of 
the pair potential and the activity. This relationship can be viewed as an equation for 
unknown $ and z. In Section [5] we use the contracting mapping principle to demonstrate 
that this equation has a solution. In Section [6] we provide the technical estimates needed 
to prove that the right hand side of the equation on $ and z is indeed a contraction. 

3 Cluster Functions and Ursell Functions 

In this section we shall obtain a useful expression for cluster functions in terms of the pair 
potential. The cluster functions are closely related to the correlation functions. Some 
of the general known facts will be stated in this section without proofs. The reader is 
referred to Chapter 4 of [7] for a more detailed exposition. 
Let A be the complex vector space of sequences i/j, 

^ = {i^m{Xl, ...,Xm))m>0 
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such that, for each m > 1, ipm is a bounded function on Z™'', and ■0o is a complex 
number. It will be convenient to represent a finite sequence (xi, ...jXm) by a single letter 
X = (xi, ...,Xm)- We shall write 

Let now ifj^jip"^ G A. We define 

YCX 

where the summation is over all subsequences y of X and X\Y is the subsequence of X 
obtained by striking out the elements of Y in X. 

Let be the subspace of A formed by the elements tjj such that -00 = 0. Let 1 be 
the unit element of ^4 ( Iq = 1, Im = for m > 1). 

We define the mapping T of onto 1 + A^ : 

Tlfi = 1 + 09 H ■ 1 ; h ... 

r ^ 2! 3! 
The mapping F has an inverse F"^ on 1 + A^: 

It is easy to see that T(f{X) is the sum of the products ip{Xi)...(p{Xr) corresponding to 
all the partitions of X into subsequences Xi, ...,Xr. If v? G A+ and ip = T^p, the first few 
components of i/j are 

Let $ be a pair correlation function which satisfies ([I])- ([2]), and let z < z{a, c). Note that 
the sequence of correlation functions p = (pm)m>o (with po = 1) is an element of 1 + A+. 

Definition 3.1. The cluster functions Um{xi, ...,Xm), m>l are defined by 

u = T-^p. 

Thus, 

UJl{Xi) = Pl{Xi); UJ2{Xi,X2) = P2{Xi,X2) - Pl{xi) pi{x2) , 

or, equivalently, 

uJi = Pi; uJ2{x) =p2{x) -pi 

where ZJm are defined as in ([5]). 
Let -0 G 1 + A^ be defined by 

Define also 
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Definition 3.2. The functions ipm and (fm are called Boltzmann factors and Urs ell func- 
tions, respectively. 

Lemma 3.3. (^) The cluster functions can be expressed in terms of the Urs ell functions 
as follows 

^m(^-^li •^m) ^ ^ ^ j" ^ ^ ^m+ni^-^lj •■•) ■^mi Uli •••) Vn) ■ 

n=0 ' yi,...,y„eZd 

We shall later need certain estimates on the Ursell functions in terms of the potential. 
To this end we obtain a recurrence formula on a set of functions related to the Ursell 
functions. Given X = {xi, Xm), we define the operator Dx : A ^ Ahj 

) 1 Uly ■ ■■ 1 Un) ■ 

Then define 

where ifj is the sequence of Boltzmann factors, and is such that i/j'^ * i/j = 1. It can 
be seen that 

^l+n{Xi,yi, ...,yn) = ■■■,yn) (6) 

and that the functions ipx satisfy a certain recurrence relation, which we state here as a 
lemma. 

Lemma 3.4. (^) The functions ipx satisfy the following recurrence relation 

m 

^x(l') =exp(-^$(x,-xi)) J] n (exp(-$(% -xi))-l)^5uxw(n^) , (7) 

i=2 SCYj,yj£S 

where X = {xi, Xm), m > 1, Y = {yi, n > 0, and <^_x(^) = 1 if m = 0. 

4 Equations Relating the Potential, the Activity, and 
the Cluster Functions 

In this section we shall recast the main theorem in terms of the cluster functions and 
examine a system of equations, which relates the first two cluster functions with the pair 
potential and the activity. 

First, Theorem 12.21 can clearly be re-formulated as follows 

Proposition 4.1. Let < r < 1 be a constant. Given any sufficiently small constant 
aJi and any function uj2{x), such that cJ2(0) = —ujI and "^^^q 1^2(2;) | < rcjf, there are a 
potential which satisfies (1^-^, and a value of activity z, such that uJi and uJ2{x) 

are the first and the second cluster functions respectively for the system defined by (2, 
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Consider the power expansions for u>i and UJ2, which are provided by Lemma [331 Let 
us single out the first term in both expansions. Note the translation invariance of the 
functions Um and and the fact that ip{xi, X2) = g{xi — X2). 

uj^ = z + z'^^—j- ipi+ri{0,yi,...,yn) , (8) 



n=l 



Let 



uj2{x) = z^g{x) + — - V (p2+ni0,x,yi, ...,yn) . (9) 

n=l 2/i,...,i/„eZd 

00 



"^(^^9) = "^-^ ^i+n{0,yi,:;yn) , 



n=l 



= Y V2+n{0,x,yi,...,yn) 



n=l 



yi,---,yn 



Thus the equations (jS]) and ([2]) can be rewritten as follows 

z = uji- z^A{z,g) , (10) 

g = '^-zB{z,g) . (11) 

Instead of looking at ( |TOl) -( |TTl) as a formula defining cJi and LJ2 by a given pair potential 
and the activity, we can instead consider the functions ZJi and LJ2 fixed, and g and z 
unknown. Thus, Proposition 14.11 follows from the following. 

Proposition 4.2. If ZJi anduj2 satisfy the assumptions of Proposition ^^ then the system 
(I7^ ) -( I77]) has a solution {z,g), such that the function g satisfies and z < z{a,c). 



5 Proof of the Main Result 

This section is devoted to the proof of Proposition 14.21 We shall need the following 
notations. Let Q be the space of functions g, which satisfy ([2]) with some c < 00. 
Let \\g\\ = Ylx^o\9i^)\- This is not a norm, since Q is not a linear space, however 
d{giig2) = llfl'i — 5*21 1 is a metric on the space Q. Let Qc be the set of elements of Q for 
which \ \g\ \ < c. Note that if c < 1 then all elements of Qc satisfy ([I]) with a = c. 

We also define I'^^^"^ = [0120,02-20]- Let D = I^^'"^ x Q^. Note that if c < 1 then 
{z, g) & D implies that z < z{c, c) if Zq is sufficiently small. Thus, the infinite volume 
correlation functions and cluster functions are correctly defined for [z, g) & D ii zq is 
sufficiently small. 
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Let us define an operator Q on the space of pairs {z,g) E D hj Q{z,g) = {z',g'), 
where 

z' = ZJi- z^A{z,g) , (12) 

9\^) = ^ - zB{z,g){x) for x + 0; ^'(0) = -1 . (13) 
We sliall prove tlie following lemma. 

Lemma 5.1. Let < r < 1 be a constant. There exist positive constants ai < 1, 
02 > 1, and c < 1 such that the equation {z,g) = Q{z,g) has a solution {z,g) G D for all 
sufficiently small zq ifuJi = zq, uJ2(0) = —Zq, and J2xjto l^2(a^)| < rz^. 

Before we prove this lemma, let us verify that it implies Proposition 14. 21 Let < r < 1 
be fixed and let uJi be sufficiently small for the statement of Lemma 15.11 to be valid. Let 
ZJ2 be such that 0^2(0) = —ujf and J2xjto\'^'^(^)\ — '^^i- i^yd) tie the solution of 
{z,g) = Q{z,g), whose existence is guaranteed by Lemma [5TT1 Let ZJ[ and UJ2 be the first 
two cluster functions corresponding to the pair {z,g). Note that tJi and tJ[ satisfy the 
same equation 

z = Ui — z'^A(z, g) ; z = ZJ[ — z^A{z, g) . 
Therefore, tJi = uj'i. The functions uj2 and uj'2 also satisfy the same equation 

g{x) = '^~zB{z,g){x)- g{x) = '^-zB{z,g){x)- for x ^ 0. 
2;^ z-^ 

Thus, uj2{x) = uJ2{x) for x 7^ 0. The fact that a;2(0) = ^2(0) follows from 

102(0) = —To\ = —'uj'i = cI^(O) . 

Thus it remains to prove Lemma 15.11 The proof will be based on the fact that for small 
Zq the operator Q : D ^ D is a. contraction in an appropriate metric. Define 

dzoi^i, Z2) = — ^ • 

zq 

The value of the constant h will be specified later. Now the metric on D is given by 

Piizugi),{z2,g2)) = dz^{zi,Z2) + d{gi,g2) . 

Lemma [5?T] clearly follows from the contracting mapping principle and the following lemma 

Lemma 5.2. Let < r < 1 he a constant. There exist positive constants ai < 1, 02 > 1? 
and c < 1 such that for all sufficiently small zq the operator Q acts from the domain D 
into itself and is uniformly contracting in the metric p for some value of h > 0, provided 
that iJi = zo, 002(0) = -Zq, and ^^^q p2{x) \ < rz^. 
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Proof. Take c = ai = y 02 = 2. We shall need certain estimates on the values 

of A{z,g) and B{z,g) for {z,g) G -D. Namely, there exist universal constants ui,...,uq, 
such that for sufficiently small zq we have 

sup \A{z,g)\ < ui . (14) 

sup ^\B{z,g){x)\ <U2 . (15) 

sup \A{zi,g) - A{z2,g)\ <u-i\zi- Z2\ . (16) 
(2i,9),(22,g)eD 

sup \A{z,gi) - A{z,g2)\ <U4d{gi,g2) . (17) 

sup ^ |5(zi,5f)(a;) - 5(2;2,6')(a;)| < Mski - ^2! • (18) 

{zi,9),{z2,g)eD 

sup ^ |S(2;,5fi)(2:) - 5(2;,5(2)(x)| < U6C?(5(i,5(2) . (19) 

These estimates follow from Lemma 16.11 below. For now, assuming that they are true, 
we continue with the proof of Lemma 15. 2[ The fact that QD C D is guaranteed by the 
inequalities 

zo + {a2Zofui < a2Zo , (20) 
zo - {a2ZoYui > aizo , (21) 

9 

^ + 02^0^2 < c . (22) 



It is clear that (I20|) - (l22|) hold for sufficiently small zq. Let us now demonstrate that for 
some h and for all sufficiently small zq we have 

p{Q{zi,gi),Q{z2,g2)) <^p{{zi,gi),{z2,g2)) if {zi, gi), {z2, g2) e D. (23) 

First, taking f |T^ . ( |T6l) . and ( |T71) into account, we note that 

dzoizlA{zi, gi), zlA{z2, g2)) < d^oi^lA{zi, gi), zlA{zi, gi)) + 

dzoizlA{zi, gi), z^A{z2, gi)) + d^o{zlA{z2,gi),zlA{z2,g2)) < 
uih\zl - zl\ ^ U'ih{a2ZQY\zx - Z2\ ^ Uih{a2ZQfd{gi, g2) 

Zq Zq Zq 

If h is fixed, the right hand side of this inequality can be estimated from above, for all 
sufficiently small zq, by 

-{d^^{zi, Z2) + d{gi, g2)). 



Similarly, 

^ \ziB{zi,gi){x) - Z2B{z2,g2)ix)\ < ^ \ziB{zi, gi){x) - Z2B{zi, gi){x)\ + 

x^O x^O 

^ \z2B{zi,gi){x) - Z2B{z2,gi){x)\ + ^ \z2B{z2, gi){x) - Z2B{z2, g2)ix)\ < 

x^O x^O 

U2\zi - Z2\ +U5a2Zo\zi - Z2\ + UQa2Zod{gi, g2) ■ 

Again, if h is fixed, the right hand side of this inequality can be estimated from above, 
for all sufficiently small Zq, by 

hd,^{zi,Z2) + d{gi,g2)). 
b 



Finally, 

I I2 l2~l — ^^0 I ~2 ~" T2 I — 717 • 

We can now take h = which implies that the right hand side of the last inequality 

can be estimated from above by ^dzg{zi, ^2)- We have thus demonstrated the validity of 
(!23|l . which means that the operator Q is uniformly contracting. This completes the proof 
of the lemma. □ 



6 Estimates on the Ursell Functions 

In this section we shall derive certain estimates on the Ursell functions, which, in partic- 
ular, will imply the inequalities (fT^ - (IT^ . 

Lemma 6.1. Suppose that the functions gi{x) and g2{x) satisfy ^ with c < 1. Let 
= (v^ml^i) ^m))m>0; k = 1,2 he the corresponding Ursell functions. Then there 
exist constants qi and q2 such that 

J2 |¥^t+„(0,2/i,...,y„)| <n!gri , fc = l,2, 

yu...,yneZ'' 

|(^i+„(0,yi,...,y„)-(/?i+„(0,yi,...,?/„)| <n!g2^^||^i-^2|| • 

j/l,...,S;„eZ'' 

Note that the inequalities ffT^ - f[T^ immediately follow from this lemma and the defi- 
nitions of A{z,g) and B{z,g){x). 

Recall that in Section [3] we introduced the functions ipx{y), which were closely related 
to the Ursell functions. Given gi{x) and g2{x) which satisfy ([2]) with c < 1, we now define 

r'=(m,n)= sup ^ \vU,...,x^)iyu ■■■^yn)\ , k = 1,2, 
^''^'•••''''"^?/i,...,y„ezrf 
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d{m,n)= sup J] \^U,...,x^)iyi, -^yn) - vlx,,...,x^)iyi, -^yn)] ■ 

We shall prove the following lemma. 

Lemma 6.2. Suppose that the functions gi{x) and g2{x) satisfy ^ with c < 1. Then 
there exist constants qi and q2 such that 

r^(m,n) < , A; = 1,2, (24) 

d{m,n) < - c^all • (25) 

Sine we can express the Ursell functions in terms of Lpx{Y) via (Q, Lemma ESI imme- 
diately implies Lemma I6.1[ It remains to prove Lemma 16.21 

Proof of Lemma \6.^ The estimate (12^ follows from (4.27) of [7], and thus we shall 
not prove it here. We proceed with the proof of (!25|) . 

In the definition of d{m, n) we can take the supremum over a restricted set of sequences 
(a;i, ...Xm), namely those sequences, for which all Xi are distinct. Indeed, if = Xj for 
i ^ j, then ^[^^ Vn) = ^fxi = 0' ^s follows from the definition 

Let fkix) = 6"*'=^'^^ = gkix) + 1 , A; = 1, 2. We shall need the fact that if X is any set, 
which does not contain xi, then 

Y\_ fk{x - xi) < exp(^ \n{gk{x - xi) + 1)) < exp(^ gk{x - xi)) < e"" . 

xGX x£X x&X 

The proof of fl2S]) will proceed via an induction on m + ra. Assume that all 
distinct. From the recurrence relation ([7]) it follows that 

XI I^U,...,x™)(?/l.-->?/n) -^^l„..,,;^)(?/l,--,?/n)| = 
yi,...,t/„eZd 



m 



\X\h{xi-xi)Y^ JJ gi{yj - xi)^\^x~^^^{Y\S)- 

yi,...,S/„eZd i=2 SCYj,yj€S 
m 

Y[f2{xi-xi)Y^ n 32{yj - xi)^lux\x^(X\S)\ <h + h, 

i=2 SCYj,yjGS 



where 



E Ein/i(^^-^i) n 9i(y^ - ^i)(^lux\xAy\s) - ^sux\xAY\s))\ 

yi,...,yneZ'i SCY i=2 j,yjeS 

m 

yi,...,yni=I.'i SCY i=2 j^y^aS 
11 



Ylf2ixi-xi) Yl g2iyj - xi)]ipl^x\x,iY\S)\ . 

1=2 i,%e5 

Note that there are ^| subsequences S of the sequence Y, which are of length s. 
Rearranging the sum, so that to take it over all possible values of s, we see that 

n I m s 

A < X] g!fa-g)! ^ \Ylfi{xi-xi)Y[9i{yj-xi)\d{m + s-l,n-s)< 
^^^s-yn y_^^ y^^^d i=2 j=i 

n . 

s\{n-s)\ ^ ' ^ ' > 



Similarly, 



s=0 

n 



s=0 ^ ^ 2/i,..,j/,eZrf i=2 j=l 



m 



Let 



Yl Mxi - xi)Y[g2{yj - xi)\r{m + s-l,n- s) . 

1=2 j=l 



= Yl \fk{xi -xi)\, where 2<a<b<m and k = 1,2, 

i=a 
b 

— n \9^^y'<- ~ where 1 < a < 6 < s and k — 1,2. 



Note that 

F^'" < e-^ , (26) 
J2 ^k"" < (1 + ■ (27) 

Then, 

m s m s 

X] \Y\h{^i- ^^)Y\9i{yj - xi) -Y\f^^^i~ ^^)T\.92{yj - xi)\ < 

yi,...,y,eZ'i i=2 j=l i=2 j=l 

J2 mx,-x^)-Mx2-x,)\F^^"'Gl^^+ 

yi,...,yseZd- 

F^'Viixs - X,) - f2(xs - x,)\F^''^Gl'' + ... + Fl'^-^\h{xm - X,) - Mxm - x,)\GI''+ 
F2'^\gi(yi - xi) - g2(yi - xi)\GI'' + ... + F^'^^Gl'^'^lgiiy^ - xi) - ^2(2/5 - a;i)|]. 
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There are m + s terms inside the square brackets. In addition to (!26|) and (1271) we use the 
fact that 

\fi{xi - xi) - f2{xi - xi)\ < llfifi - fi^2|| , 2 <i<m, 
^ IgiiVi - xi) - g2iyi - < llfi^i - 5f2|| , I < i < n. 



Therefore, the entire sum can be estimated from above by 



(m+s)e2'=(l + c)'||^i-^2||. 



Therefore, 



h < V ^' .. im + s)e^^{l + cy\\gi- g2\\r{m + s-l,n- s) < 
^-^ sl{n — sjl 



s=0 



s=Q 

Combining this with the estimate on Ji we see that 



— — '■ — rrc'^fl + cYdim + s - 1, n - s) + 
s\{n — si! 



s=0 

Let us use induction on m + n to prove that 

d{m,n) <n\q^+'^\\gi- g2\\{m + n) (28) 

for some value of 52- The statement is obviously true for m + n = 0. Assuming that the 
induction hypothesis holds for all m', n' with m' + n' < m + n — 1, we obtain 



n)<Y, '_ ./ {I + cy{n - s)!^^""^! - 92\\{m + n - l) + 

||^?i-^72||(m + n)ei+3c^!gr"~'< 
\\gi-g2\\{m + n)e^+=^%!(gr""' + 52"+""') • 

The expression in the right hand side of this inequality is estimated from above by the 
right hand side of (1281) if q2 = 26^+^'^ max(l, gi). Thus, (1281) holds for all m,n with this 
choice of q2- Note that we can get rid of the factor (m + n) in the right hand side of fl28l) 
by taking a larger value of 52- This completes the proof of fl25|) and of Lemma [6.21 □ 
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